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SUPERCONGRUENCES FOR TRUNCATED HYPERGEOMETRIC
SERIES AND p-ADIC GAMMA FUNCTION
RUPAM BARMAN AND NEELAM SAIKIA
Abstract. We prove three more general supercongruences between truncated
hypergeometric series and p-adic Gamma function from which some known su-
percongruences follow. A supercongruence conjectured by Rodriguez-Villegas
and proved by E. Mortenson using the theory of finite field hypergeometric
series follows from one of our more general supercongruences. We also prove
a supercongruence for 7F6 truncated hypergeometric series which is similar to
a supercongruence proved by L. Long and R. Ramakrishna.
1. Introduction and statement of results
For a complex number a, the rising factorial or the Pochhammer symbol is
defined as (a)0 = 1 and (a)k = a(a + 1) · · · (a + k − 1), k ≥ 1. If Γ(x) denotes
the Gamma function, then we have (a)k =
Γ(a+ k)
Γ(a)
. For a non-negative integer
r, and ai, bi ∈ C with bi /∈ {. . . ,−3,−2,−1, 0}, the (generalized) hypergeometric
series r+1Fr is defined by
r+1Fr
[
a1, a2, . . . , ar+1
b1, . . . , br
;λ
]
:=
∞∑
k=0
(a1)k · · · (ar+1)k
(b1)k · · · (br)k
·
λk
k!
,(1.1)
which converges for |λ| < 1.
When we truncate the above sum at k = n, it is known as a truncated hyperge-
ometric series. We use subscript notation to denote the truncated hypergeometric
series
r+1Fr
[
a1, a2, . . . , ar+1
b1, . . . , br
;λ
]
n
:=
n∑
k=0
(a1)k · · · (ar+1)k
(b1)k · · · (br)k
·
λk
k!
.
If one of the ai’s is a negative integer, then the hypergeometric series (1.1) ter-
minates. More details on hypergeometric series can be found in the books by W.
Bailey [4], L. Slater [27] and G. Andrews, R. Askey and R. Roy [3].
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Hypergeometric series are related to many mathematical objects. For example,
they are related to algebraic varieties, differential equations and modular forms.
There are beautiful results expressing periods of abelian varieties in terms of hy-
pergeometric series. Consider the Legendre family of elliptic curves Eλ : y
2 =
x(x − 1)(x − λ) parameterized by λ. A period of Eλ can be expressed in terms
of 2F1
[
1
2 ,
1
2
1
;λ
]
. In [5], the first author with G. Kalita defined a period ana-
logue for the algebraic curve yℓ = x(x − 1)(x − λ), ℓ ≥ 2; and described it by a
2F1-hypergeometric series. In [19], D. McCarthy expressed the real period of the
elliptic curve y2 = (x − 1)(x2 + λ) by a 3F2-hypergeometric series. In general,
periods are complicated transcendental numbers. However, in case of CM elliptic
curves, the Selberg-Chowla formula predicts that any period is an algebraic mul-
tiple of a quotient of Gamma values [26]. In recent years, there has been a focus
on a p-adic analog of these complex periods computed from the hypergeometric
series and Gamma function. This often leads to congruences between truncated
hypergeometric series and p-adic Gamma function modulo p. In the case of CM el-
liptic curves, stronger congruences have been observed. These congruences are often
called as supercongruences. These congruences are stronger than those predicted
by commutative formal group theory.
In literature, there are many supercongruences conjectured by F. Beukers [7],
van Hamme [13], Rodriguez-Villegas [31], W. Zudilin [32], H. Chan et al. [8], and
Z.-W. Sun [28, 29]. Interestingly, different methods are needed to prove some of
these conjectures. For example, in [1, 2, 10, 15, 22, 23, 24], Gaussian hypergeometric
series are used to prove some of the supercongruences. The Wilf-Zeilberger method
is used in [32] and p-adic analysis is used in [6, 25, 30]. In [17], L. Long proves several
supercongruences related to special valuations of truncated hypergeometric series
including a conjecture of van Hamme using hypergeometric evaluation identities
and combinatorial techniques.
In [31], Rodriguez-Villegas conjectured that for any odd prime p
2F1
[
1
2 ,
1
2
1
; 1
]
p−1
:=
p−1∑
k=0
(
2k
k
)2
· 16−k ≡ −Γp
(
1
2
)2
≡
(
−1
p
)
(mod p2),
(1.2)
where Γp(·) denotes the p-adic Gamma function recalled in Section 2. The above
congruence was proved by E. Mortenson in [23] using the theory of finite field
hypergeometric series [12]. Here, we prove the following result which generalizes
(1.2). We note that our method does not use finite field hypergeometric series.
Theorem 1.1. Let p be an odd prime such that p ≡ 1 (mod n(n − 1)). Then
modulo p2 we have
nFn−1
[
1
n ,
1
n , . . . ,
1
n
1
n−1 , . . . ,
1
n−1
; 1
]
p−1
n−1
≡ nFn−1
[
1
n ,
1
n , . . . ,
1
n
1
n−1 , . . . ,
1
n−1
; 1
]
p−1
n
≡ (−1)nΓp
(
1
n− 1
)n−1
Γp
(
n− 1
n
)n
.
If we put n = 2 in Theorem 1.1, then (1.2) follows.
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The following supercongruence is obtained by L. Long [17, Theorem 1] for any
prime p > 3.
5F4
[ 1
2 ,
1
2 ,
1
2 ,
1
2 ,
5
4
1
4 , 1, 1, 1
; 1
]
p−1
:=
p−1∑
k=0
(4k + 1)
(
2k
k
)4
· 256−k ≡ p (mod p4).
(1.3)
We prove the followng supercongruence which generalizes (1.3).
Theorem 1.2. Let p ≥ 5 be a prime such that p ≡ 1 (mod n). Then modulo p4
we have
5F4
[ 1
n ,
1
n ,
1
n ,
1
n , 1 +
1
2n
1
2n , 1, 1, 1
; 1
]
p−1
≡ (−1)1+
p−1
n pΓp
(
1
n
)2
Γp
(
n− 2
n
)
.
If we put n = 2 in Theorem 1.2, then (1.3) follows.
We also prove the following supercongruence.
Theorem 1.3. Let p ≥ 7 be a prime. Let n ∈ Z+ be even such that n 6= 2, 4, p ≡ 1
(mod n) and p 6≡ 1 (mod 2n). Then we have
5F4
[ 1
n ,
1
n ,
1
n ,
1
n ,
2n−3
2n
5
2n , 1, 1, 1
; 1
]
p−1
≡ (−1)1+
p−1
n
p
2n
Γp
(
1
n
)2
Γp
(
1
2n
)4
Γp
(
2n−3
2n
)3
Γp
(
5
2n
)
Γp
(
2
n
) (mod p4).
Recently, L. Long and R. Ramakrishna [18] prove several supercongruences using
a technique which relies on the relations between the classical and p-adic Gamma
functions. They also prove a conjecture of J. Kibelbek [14] and a strengthened
version of a conjecture of van Hamme. For instance, they prove the following
supercongruence modulo p6 [18, Theorem 2] which is stronger than a prediction of
van Hamme in [13].
7F6
[ 7
6 ,
1
3 ,
1
3 ,
1
3 ,
1
3 ,
1
3 ,
1
3
1
6 , 1, 1, 1, 1, 1
; 1
]
p−1
≡


−pΓp
(
1
3
)9
if p ≡ 1 (mod 6);
−
10
27
p4Γp
(
1
3
)9
if p ≡ 5 (mod 6).
(1.4)
Similar to the supercongruence (1.4), we prove the following supercongruence
for 7F6 truncated hypergeometric series modulo p
6.
Theorem 1.4. Let p ≡ 1 (mod 8) be a prime. Then we have
7F6
[ 1
8 ,
17
16 ,
1
4 ,
1
4 ,
1
4 ,
1
4 ,
1
4
1
16 ,
7
8 ,
7
8 ,
7
8 ,
7
8 ,
7
8
; 1
]
7(p−1)
8
≡ −pΓp
(
7
8
)6
Γp
(
3
8
)10
(mod p6).
One of the main results of A. Deines et al. is the following supercongruence [9,
Theorem 7] which is true for p ≡ 1 (mod 4).
4F3
[
1
4 ,
1
4 ,
1
4 ,
1
4
1, 1, 1
; 1
]
p−1
≡ (−1)
p−1
4 Γp
(
1
2
)
Γp
(
1
4
)6
(mod p4).(1.5)
We now conjecture the following supercongruence which generalizes the supercon-
gruence (1.5) based on numerical evidence.
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Conjecture 1.5. Let p ≥ 7 be a prime. If n ∈ Z+ satisfies p ≡ 1 (mod 2n) then
we have
5F4
[ 1
n ,
1
n ,
1
n ,
1
n ,
2n−3
2n
5
2n , 1, 1, 1
; 1
]
p−1
≡ −
Γp
(
1
n
)2
Γp
(
1
2n
)4
Γp
(
2n−3
2n
)3
Γp
(
5
2n
)
Γp
(
2
n
) (mod p4).
Now, if we put n = 4 in Conjecture 1.5, one can deduce (1.5) for p ≡ 1 (mod 8)
using the product formula (2.5) for m = 2 and x = 14 . If n is odd, the statement
of Conjecture 1.5 is in fact true for p ≡ 1 (mod n). If n is even, then Theorem
1.3 includes certain primes which are missed in Conjecture 1.5. We remark that
due to the presence of the factor p on the right hand side of Theorem 1.3 the same
technique couldn’t be used to prove Conjecture 1.5.
2. Preliminaries
We first recall the definition of the p-adic Gamma function and list some of its
main properties. For further details, see [16]. Let Zp denote the ring of p-adic
integers and Qp denote the field of p-adic numbers. Let vp and | · |p denote the p-
adic valuation and absolute value on Qp, respectively. The p-adic gamma function
Γp is defined by setting Γp(0) = 1, and for n ∈ Z
+ by
Γp(n) := (−1)
n
∏
0<j<n
p∤j
j.
The function has a unique extension to a continuous function Γp : Zp → Z
×
p . If
x ∈ Zp and x 6= 0, then Γp(x) is defined as
Γp(x) := lim
xn→x
Γp(xn),
where xn runs through any sequence of positive integers p-adically approaching x.
This function is locally analytic and has a Taylor series expansion
Γp(x+ z) =
∞∑
n=0
anz
n, an ∈ Qp,
with radius of convergence ̺ = p−
1
p
− 1
p−1 .
We now list some of the main properties of Γp in the following proposition.
Proposition 2.1. Let x ∈ Zp. We have
(1) Γp(0) = 1 and Γp(1) = −1.
(2)
Γp(1 + x)
Γp(x)
=
{
−x, if |x|p = 1;
−1, if |x|p < 1.
(3) Γp(1−x)Γp(x) = (−1)
a0(x), where a0(x) ∈ {1, 2, . . . , p} such that x ≡ a0(x)
(mod p).
(4) Γp
(
1
2
)2
= (−1)
p+1
2 .
For x ∈ Zp and n ∈ N, we define
Gn(x) :=
Γ
(n)
p (x)
Γp(x)
.
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In particular, G0(x) = 1. We now state two results about Taylor series of Γp from
[18]. Let Cp denote the completion of the algebraic closure of Qp.
Proposition 2.2. [18, Proposition 13] Let p ≥ 5 be a prime and a ∈ Q with
vp(a) ≥ 0. Then vp
(
Gi(a)
i!
)
≥ −i
(
1
p +
1
p−1
)
. For i < p, vp
(
Gi(a)
i!
)
= 0. We
may extend the domain of Γp(a+x) by setting Γp(a+x) = Γp(a) ·
∞∑
k=0
Gk(a)
k!
xk for
x ∈ Cp with vp(x) ≥
(
1
p +
1
p−1
)
. In particular,
Γp(a+ 1 + x)
Γp(a+ x)
=
{
−(a+ x), if |a+ x|p = 1;
−1, if |a+ x|p < 1,
(2.1)
and Γp(a+ x)Γp(1− a− x) = (−1)
a0(a).
Theorem 2.3. [18, Theorem 14] For p ≥ 5, r ∈ N, a ∈ Zp,m ∈ Cp satisfying
vp(m) ≥ 0 and t ∈ {0, 1, 2} we have
Γp(a+mp
r)
Γp(a)
≡
t∑
k=0
Gk(a)
k!
(mpr)k (mod p(1+t)r).(2.2)
The above result also holds for t = 4 if p ≥ 11.
Lemma 2.4. [30, Lemma 2.1] Let p be prime and ζ a primitive n-th root of unity
for some positive integer n. If a, b ∈ Q ∩ Z×p and k is a positive integer such that
(a+ j) ∈ Z×p for each 0 ≤ j ≤ k − 1, then
(a− bp)k(a− bζp)k · · · (a− bζ
n−1p)k ≡ (a)
n
k (mod p
n).
Moreover for an indeterminate x,
(a− bx)k(a− bζx)k · · · (a− bζ
n−1x)k ∈ Zp[[x
n]].
Let x ∈ Cp be such that vp(x) ≥
(
1
p +
1
p−1
)
and |x + j|p = 1 for each 0 ≤ j ≤
k − 1. Then using (2.1) repeatedly, we deduce that
(x)k = (−1)
kΓp(x + k)
Γp(x)
.(2.3)
If for j = j1, j2, . . . , ji, |x + j|p < 1 and |x + j|p = 1 for all other values of j, then
using (2.1) repeatedly, we deduce that
(x)k = (−1)
k(x+ j1) · · · (x+ ji)
Γp(x+ k)
Γp(x)
.(2.4)
We note that (2.3) and (2.4) follow from part (2) of Proposition 2.1 for every x ∈ Zp.
We now state a product formula for the p-adic Gamma function from [21, p. 5].
Let Fp denote the finite field with p elements. Let ω : F
×
p → Z
×
p be the Teichmu¨ller
character. For a ∈ F×p , the value ω(a) is just the (p− 1)-th root of unity in Zp such
that ω(a) ≡ a (mod p). If m ∈ Z+, p ∤ m and x = rp−1 with 0 ≤ r ≤ p− 1, then
m−1∏
h=0
Γp
(
x+ h
m
)
= ω
(
m(1−x)(1−p)
)
Γp(x)
m−1∏
h=1
Γp
(
h
m
)
.(2.5)
Finally, we recall some hypergeometric formulas from [3, 4, 11, 27]. We first state
the Whipple’s well-posed 7F6 evaluation formula.
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Theorem 2.5. [3, Theorem 3.4.5] We have
7F6
[
a, a2 + 1, b, c, d, e, f
a
2 , 1 + a− b, 1 + a− c, 1 + a− d, 1 + a− e, 1 + a− f
; 1
]
=
Γ(1 + a− d)Γ(1 + a− e)Γ(1 + a− f)Γ(1 + a− d− e− f)
Γ(1 + a)Γ(1 + a− e− f)Γ(1 + a− d− e)Γ(1 + a− d− f)
× 4F3
[
1 + a− b− c, d, e, f
1 + a− b, 1 + a− c, d+ e+ f − a
; 1
]
,
provided the left side converges and the right side terminates.
We next state the Dougall’s formula.
Theorem 2.6. [3, Theorem 3.5.1] If f is a negative integer and 1 + 2a = b + c+
d+ e+ f then
7F6
[
a, a2 + 1, b, c, d, e, f
a
2 , 1 + a− b, 1 + a− c, 1 + a− d, 1 + a− e, 1 + a− f
; 1
]
=
(1 + a)−f (1 + a− b− c)−f (1 + a− b− d)−f (1 + a− c− d)−f
(1 + a− b)−f (1 + a− c)−f (1 + a− d)−f (1 + a− b− c− d)−f
.
We also need the following identity to prove our main results.
Theorem 2.7. [27, p. 56] If m is a positive integer then
5F4
[
a, 1 + a2 , b, c, −m
a
2 , 1 + a− b, 1 + a− c, 1 + a+m
; 1
]
=
(1 + a)m(1 + a− b− c)m
(1 + a− b)m(1 + a− c)m
.
We now state the following particular case of the Karlsson-Minton formula.
Theorem 2.8. [11, Eqn. (1.9.3)] For non-negative integers m1,m2, . . .mn we have
n+1Fn
[
−(m1 +m2 + · · ·+mn), b1 +m1, . . . , bn +mn
b1, . . . , bn
; 1
]
= (−1)m1+m2+···+mn
(m1 +m2 + · · ·+mn)!
(b1)m1 · · · (bn)mn
.
3. Proof of the results
Various supercongruences have been proved by many mathematicians using a
variety of methods. Recently, L. Long and R. Ramakrishna [18], A. Deines et al.
[9] and H. Swisher [30] prove several supercongruences using a technique which
relies on the relations between the classical and p-adic Gamma functions. We use
a similar technique. In the proof, we consider certain classical hypergeometric
evaluation identities and then use the relation between the classical and p-adic
Gamma function.
Proof of Theorem 1.1. Let m1 = m2 = · · · = mn−1 =
p−1
n(n−1) , b1 =
1
n−1 +
yp
n−1 and
b2 = · · · = bn−1 =
1
n−1 , where y ∈ Zp. Substituting these values in Theorem 2.8
we have
nFn−1
[
1−p
n ,
1
n +
p
n−1 (y +
1
n ),
1
n +
p
n(n−1) , . . . ,
1
n +
p
n(n−1)
1
n−1 +
yp
n−1 ,
1
n−1 , . . . ,
1
n−1
; 1
]
p−1
n
=
(−1)
p−1
n (p−1n )!
( 1n−1 +
yp
n−1 ) p−1
n(n−1)
( 1n−1 ) p−1
n(n−1)
· · · ( 1n−1 ) p−1
n(n−1)
.(3.1)
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By definition we have
nFn−1
[
1−p
n ,
1
n +
p
n−1 (y +
1
n ),
1
n +
p
n(n−1) , . . . ,
1
n +
p
n(n−1)
1
n−1 +
yp
n−1 ,
1
n−1 , . . . ,
1
n−1
; 1
]
p−1
n
=
p−1
n∑
k=0
(1−pn )k (
1
n +
p
n−1 (y +
1
n ))k (
1
n +
p
n(n−1) )
n−2
k
( 1n−1 +
yp
n−1 )k (
1
n−1 )
n−2
k
1
k!
.(3.2)
Now,
(
1− p
n
)
k
=
(
1
n
−
p
n
)(
1
n
+ 1−
p
n
)
· · ·
(
1
n
+ k − 1−
p
n
)
=
1
n
(
1
n
+ 1
)(
1
n
+ 2
)
· · ·
(
1
n
+ k − 1
) k−1∏
i=0
(
1−
p
n( 1n + i)
)
≡
(
1
n
)
k
(
1−
p
n
k−1∑
i=0
1
1
n + i
)
(mod p2)
≡
(
1
n
)
k
(
1−
p
n
Ak
)
(mod p2),
where Ak =
k−1∑
i=0
1
1
n + i
∈ Zp. Similarly, we have
(
1
n
+
p
n− 1
(
y +
1
n
))
k
≡
(
1
n
)
k
(
1 +
p( 1n + y)
n− 1
Ak
)
(mod p2),
(
1
n
+
p
n(n− 1)
)n−2
k
≡
(
1
n
)n−2
k
(
1 +
p
n(n− 1)
Ak
)n−2
(mod p2)
≡
(
1
n
)n−2
k
(
1 +
p(n− 2)
n(n− 1)
Ak
)
(mod p2)
and
(
1
n− 1
+
yp
n− 1
)−1
k
≡
(
1
n− 1
)−1
k
(
1 +
yp
n− 1
k−1∑
i=0
1
1
n−1 + i
)−1
(mod p2)
≡
(
1
n− 1
)−1
k
(
1−
yp
n− 1
Bk
)
(mod p2),
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where Bk =
k−1∑
i=0
1
1
n−1 + i
∈ Zp. Substituting all these identities on the right hand
side of (3.2) we deduce that
nFn−1
[
1−p
n ,
1
n +
p
n−1 (y +
1
n ),
1
n +
p
n(n−1) , . . . ,
1
n +
p
n(n−1)
1
n−1 +
yp
n−1 ,
1
n−1 , . . . ,
1
n−1
; 1
]
p−1
n
≡
p−1
n∑
k=0
( 1n )
n
k
( 1n−1 )
n−1
k k!
{
1 +
yp
n− 1
(Ak −Bk)
}
(mod p2)
≡ nFn−1
[
1
n ,
1
n , . . . ,
1
n
1
n−1 , . . . ,
1
n−1
; 1
]
p−1
n
+
yp
n− 1
C (mod p2)(3.3)
for some C ∈ Zp. We know that
(
p−1
n
)
! = (1) p−1
n
. Now, using (2.3) and the fact
that Γp(1) = −1 we obtain(
p− 1
n
)
! = (1) p−1
n
= (−1)1+
p−1
n Γp
(
1 +
p− 1
n
)
= (−1)1+
p−1
n Γp
(
n− 1
n
+
p
n
)
.
Again, (2.3) yields(
1
n− 1
+
yp
n− 1
)
p−1
n(n−1)
= (−1)
p−1
n(n−1)
Γp(
1
n−1 +
yp
n−1 +
p−1
n(n−1) )
Γp(
1
n−1 +
yp
n−1 )
= (−1)
p−1
n(n−1)
Γp(
1
n +
p(1+ny)
n(n−1) )
Γp(
1
n−1 +
yp
n−1 )
,
and(
1
n− 1
)
p−1
n(n−1)
= (−1)
p−1
n(n−1)
Γp(
1
n−1 +
p−1
n(n−1) )
Γp(
1
n−1 )
= (−1)
p−1
n(n−1)
Γp(
1
n +
p
n(n−1) )
Γp(
1
n−1 )
.
Putting these values in (3.1), we find that the right hand side reduces to
(−1)1+
p−1
n Γp(
n−1
n +
p
n ) Γp(
1
n−1 +
yp
n−1 ) Γp(
1
n−1 )
n−2
Γp(
1
n +
p(1+ny)
n(n−1) ) Γp(
1
n +
p
n(n−1) )
n−2
.(3.4)
Applying Theorem 2.3 for p ≥ 5 we have
Γp
(
n− 1
n
+
p
n
)
≡ Γp
(
n− 1
n
)(
1 +G1
(
n− 1
n
)
p
n
)
(mod p2).
From [20, Proposition 3.2 (3)] we have G1
(
1
n
)
= G1
(
n−1
n
)
. Using this value we
obtain
Γp
(
n− 1
n
+
p
n
)
≡ Γp
(
n− 1
n
)(
1 +G1
(
1
n
)
p
n
)
(mod p2).(3.5)
Again, applying Theorem 2.3 for p ≥ 5 we have
Γp
(
1
n− 1
+
yp
n− 1
)
≡ Γp
(
1
n− 1
)(
1 +G1
(
1
n− 1
)
yp
n− 1
)
(mod p2),(3.6)
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Γp
(
1
n
+
p(1 + ny)
n(n− 1)
)−1
≡ Γp
(
1
n
)−1(
1 +G1
(
1
n
)
p(1 + ny)
n(n− 1)
)−1
(mod p2)
≡ Γp
(
1
n
)−1(
1−G1
(
1
n
)
p(1 + ny)
n(n− 1)
)
(mod p2),(3.7)
and
Γp
(
1
n
+
p
n(n− 1)
)
≡ Γp
(
1
n
)(
1 +G1
(
1
n
)
p
n(n− 1)
)
(mod p2).(3.8)
If we use (3.4), (3.5), (3.6), (3.7) and (3.8), then modulo p2 the right hand side
of (3.1) becomes
(−1)1+
p−1
n Γp(
n−1
n )Γp(
1
n−1 )
n−1
Γp(
1
n )
n−1
[
1 +
(
G1
(
1
n− 1
)
−G1
(
1
n
))
yp
n− 1
]
.(3.9)
Since p ≡ 1 (mod n(n− 1)), from the p-adic expansion of −1 we have
−
1
n
=
p− 1
n
+
p− 1
n
p+ · · · .
Hence, a0(
1
n ) = p−
p−1
n and part (3) of Proposition 2.1 yields
1
Γp(
1
n )
n−1
= (−1)(n−1)p(−1)
(n−1)(p−1)
n Γp
(
n− 1
n
)n−1
= (−1)(n−1)+
p−1
n Γp
(
n− 1
n
)n−1
.(3.10)
Now, from (3.1), (3.3), (3.9) and (3.10) we deduce that, modulo p2
nFn−1
[
1
n ,
1
n , . . . ,
1
n
1
n−1 , . . . ,
1
n−1
; 1
]
p−1
n
+
yp
n− 1
C
≡ (−1)nΓp
(
1
n− 1
)n−1
Γp
(
n− 1
n
)n [
1 +
(
G1
(
1
n− 1
)
−G1
(
1
n
))
yp
n− 1
]
,
(3.11)
which is true for all y ∈ Zp. Putting y = 0 in (3.11) we obtain that, modulo p
2
nFn−1
[
1
n ,
1
n , . . . ,
1
n
1
n−1 , . . . ,
1
n−1
; 1
]
p−1
n
≡ (−1)nΓp
(
1
n− 1
)n−1
Γp
(
n− 1
n
)n
.
(3.12)
Since for p−1n < k ≤
p−1
n−1 , we know that
(
1
n
)
k
contains a factor pn and
(
1
n−1
)
k
and
k! have no factor containing p, hence modulo p2 we have
nFn−1
[
1
n ,
1
n , . . . ,
1
n
1
n−1 , . . . ,
1
n−1
; 1
]
p−1
n
≡ nFn−1
[
1
n ,
1
n , . . . ,
1
n
1
n−1 , . . . ,
1
n−1
; 1
]
p−1
n−1
.
(3.13)
Now, combining (3.12) and (3.13) we obtain the result. We have verified the case
p = 3 by hand. This completes the proof of the theorem. 
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Proof of Theorem 1.2. Let ζ be a primitive cubic root of unity. Putting a = 1n ,
b = 1−ζpn , c =
1−ζ2p
n and m =
p−1
n in Theorem 2.7 we have
5F4
[
1
n , 1 +
1
2n ,
1−ζp
n ,
1−ζ2p
n ,
1−p
n
1
2n , 1 +
ζp
n , 1 +
ζ2p
n , 1 +
p
n
; 1
]
p−1
n
=
(1 + 1n ) p−1
n
(n−1n +
(ζ+ζ2)p
n ) p−1
n
(1 + ζpn ) p−1n
(1 + ζ
2p
n ) p−1n
.(3.14)
We first show that
5F4
[
1
n , 1 +
1
2n ,
1−ζp
n ,
1−ζ2p
n ,
1−p
n
1
2n , 1 +
ζp
n , 1 +
ζ2p
n , 1 +
p
n
; 1
]
p−1
n
≡ 5F4
[
1
n , 1 +
1
2n ,
1
n ,
1
n ,
1
n
1
2n , 1, 1, 1
; 1
]
p−1
n
≡ 5F4
[
1
n , 1 +
1
2n ,
1
n ,
1
n ,
1
n
1
2n , 1, 1, 1
; 1
]
p−1
(mod p4).(3.15)
The last congruence follows from the fact that the rising factorial ( 1n )k contains a
multiple of p for p−1n < k ≤ p− 1.
Now,
( 1n −
x
n )k
(1 + xn )k
=
k−1∏
j=0
( 1n + j −
x
n )
(1 + xn + j)
=
k−1∏
j=0
( 1n + j)(1 −
x/n
1/n+j )
(1 + j)(1 + x/n1+j )
.
The terms 1n+j and 1+j do not contain a multiple of p for 0 ≤ k ≤
p−1
n . Therefore,
we can find ak,1, ak,2, . . . ∈ Zp such that
( 1n −
x
n )k
(1 + xn )k
=
( 1n )k
(1)k
[1 +
∑
i≥1
ak,ix
i](3.16)
for 0 ≤ k ≤ p−1n . Thus,
5F4
[
1
n , 1 +
1
2n ,
1−x
n ,
1−y
n ,
1−p
n
1
2n , 1 +
x
n , 1 +
y
n , 1 +
p
n
; 1
]
p−1
n
≡ 5F4
[
1
n , 1 +
1
2n ,
1−x
n ,
1−y
n ,
1
n
1
2n , 1 +
x
n , 1 +
y
n , 1
; 1
]
p−1
n
(mod p)
=
p−1
n∑
k=0
(1 + 12n )k(
1
n )
4
k
( 12n )kk!
4

1 +∑
i≥1
ak,ix
i



1 +∑
i≥1
ak,iy
i

 ∈ Zp[[x, y]].
Again, Theorem 2.7 implies that
5F4
[
1
n , 1 +
1
2n ,
1−x
n ,
1−y
n ,
1−p
n
1
2n , 1 +
x
n , 1 +
y
n , 1 +
p
n
; 1
]
p−1
n
=
(1 + 1n ) p−1n
(n−1n +
(x+y)
n ) p−1n
(1 + xn ) p−1
n
(1 + yn ) p−1
n
.
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We note that the rising factorial (1+ 1n ) p−1n
contains a factor which is a multiple of
p, namely (1+ 1n +
p−1
n − 1) =
p
n ; and the other factors do not contain any multiple
of p. Therefore, we have
5F4
[
1
n , 1 +
1
2n ,
1−x
n ,
1−y
n ,
1−p
n
1
2n , 1 +
x
n , 1 +
y
n , 1 +
p
n
; 1
]
p−1
n
∈ pZp[[x, y]].(3.17)
If we put x = ζp and y = ζ2p, then using Lemma 2.4 we obtain
5F4
[
1
n , 1 +
1
2n ,
1−ζp
n ,
1−ζ2p
n ,
1−p
n
1
2n , 1 +
ζp
n , 1 +
ζ2p
n , 1 +
p
n
; 1
]
p−1
n
= A0 +
∑
i≥1
A3ip
3i,
where A0 =
p−1
n∑
k=0
(1 + 12n )k(
1
n )
4
k
( 12n )kk!
4
and A3i =
p−1
n∑
k=0
(1 + 12n )k(
1
n )
4
k
( 12n )kk!
4
H(ak,i) and H(ak,i)
is an integral polynomial in the ak,i where the second subscripts in each monomial
add to 3. Now, (3.17) implies that A0 and A3i ∈ pZp. Thus,
5F4
[
1
n , 1 +
1
2n ,
1−ζp
n ,
1−ζ2p
n ,
1−p
n
1
2n , 1 +
ζp
n , 1 +
ζ2p
n , 1 +
p
n
; 1
]
p−1
n
≡
p−1
n∑
k=0
(1 + 12n )k(
1
n )
4
k
( 12n )kk!
4
≡ 5F4
[
1
n , 1 +
1
2n ,
1
n ,
1
n ,
1
n
1
2n , 1, 1, 1
; 1
]
p−1
n
(mod p4),(3.18)
which proves (3.15).
Since the rising factorial (1 + 1n ) p−1
n
contains a factor which is a multiple of p,
namely (1+ 1n +
p−1
n − 1) =
p
n , using (2.4) and then part (2) of Proposition 2.1, we
deduce that(
1 +
1
n
)
p−1
n
= (−1)
p−1
n
p
n
Γp(1 +
p
n )
Γp(1 +
1
n )
= −(−1)
p−1
n p
Γp(1 +
p
n )
Γp(
1
n )
.
Also, applying (2.3) for the remaining three rising factorials on the right hand side
of (3.14), we deduce that
(1 + 1n ) p−1
n
(n−1n +
(ζ+ζ2)p
n ) p−1
n
(1 + ζpn ) p−1n
(1 + ζ
2p
n ) p−1n
= −p ·
Γp(1 +
p
n )Γp(1 +
pζ
n )Γp(1 +
pζ2
n )Γp(
n−2
n )
Γp(
1
n )Γp(
n−1
n −
p
n )Γp(
n−1
n −
pζ
n )Γp(
n−1
n −
pζ2
n )
.(3.19)
Now, using Theorem 2.3, we find that
Γp
(
1 +
p
n
)
Γp
(
1 +
ζp
n
)
Γp
(
1 +
ζ2p
n
)
= Γp(1)
3(1 +O(p3)) = −1 +O(p3).
(3.20)
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Similarly, using the last part of Proposition 2.2 and then Theorem 2.3, we find that
1
Γp(1−
1
n −
p
n )Γp(1 −
1
n −
ζp
n )Γp(1−
1
n −
ζ2p
n )
= (−1)a0(
1
n
)Γp
(
1
n
)3 (
1 +O(p3)
)
= (−1)1+
p−1
n Γp
(
1
n
)3 (
1 +O(p3)
)
.(3.21)
From (3.19), (3.20) and (3.21), we have, for p ≥ 5
(1 + 1n ) p−1n
(n−1n +
(ζ+ζ2)p
n ) p−1n
(1 + ζpn ) p−1
n
(1 + ζ
2p
n ) p−1
n
≡ (−1)1+
p−1
n pΓp
(
1
n
)2
Γp
(
n− 2
n
)
(mod p4).(3.22)
Finally, from (3.14), (3.15), (3.18) and (3.22) we obtain our result. 
Proof of Theorem 1.3. Let a = 1n , b =
2n−3
2n , c =
1
2n , d =
1−ζp
n , e =
1−ζ2p
n and
f = 1−pn , where ζ is a primitive cubic root of unity. Plugging these values in
Theorem 2.6 we have
7F6
[
1
n ,
2n+1
2n ,
2n−3
2n ,
1
2n ,
1−ζp
n ,
1−ζ2p
n ,
1−p
n
1
2n ,
5
2n ,
2n+1
2n , 1 +
ζp
n , 1 +
ζ2p
n , 1 +
p
n
; 1
]
p−1
n
= 5F4
[
1
n ,
2n−3
2n ,
1−ζp
n ,
1−ζ2p
n ,
1−p
n
5
2n , 1 +
ζp
n , 1 +
ζ2p
n , 1 +
p
n
; 1
]
p−1
n
=
(n+1n ) p−1n
( 2n ) p−1n
( 32n +
ζp
n ) p−1n
(2n−12n +
ζp
n ) p−1n
( 52n ) p−1n
(2n+12n ) p−1n
(1 + ζpn ) p−1n
( 1n +
ζp
n ) p−1n
.(3.23)
We now prove that
5F4
[
1
n ,
2n−3
2n ,
1−ζp
n ,
1−ζ2p
n ,
1−p
n
5
2n , 1 +
ζp
n , 1 +
ζ2p
n , 1 +
p
n
; 1
]
p−1
n
≡ 5F4
[ 1
n ,
1
n ,
1
n ,
1
n ,
2n−3
2n
5
2n , 1, 1, 1
; 1
]
p−1
n
≡ 5F4
[ 1
n ,
1
n ,
1
n ,
1
n ,
2n−3
2n
5
2n , 1, 1, 1
; 1
]
p−1
(mod p4).(3.24)
The last congruence follows from the fact that the rising factorial ( 1n )k contains a
multiple of p for p−1n < k ≤ p−1. Further, if (
5
2n )k contains a multiple of p, then the
term (2n−32n )k also contains a multiple of p. For example, let
5
2n + ℓ =
5+2nℓ
2n =
αp
2n
for some α, where ℓ = 0, 1, . . . , k − 1. Thus ( 52n )k contains a multiple of p for
k = αp−52n + 1,
αp−5
2n + 2, . . . , p− 1. This implies that αp ≡ 5 (mod 2n), and hence
αp ≡ 5 (mod n). Also, we have p ≡ 1 (mod n), which gives α ≡ 5 (mod n).
Since n is even, α must be odd. Now, consider k1 =
αp−5
2n −
4(p−1)
n =
(α−8)p+3
2n .
Then 0 < k1 < k ≤ p − 1 for α > 8 and (
2n−3
2n )k1 contains a multiple of p. The
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other remaining odd values of α are 1, 3, 5, 7. Since n 6= 2, 4, we easily find that
α 6= 1, 3, 7. Now let α = 5. If gcd(5, n) = 1 then from 5p ≡ 5 (mod 2n) we
have p ≡ 1 (mod 2n), which is not possible as p 6≡ 1 (mod 2n) is our hypothesis.
Let 5|n. Since n is even, we have n = 10m and hence 5p ≡ 5 (mod 20m). This
gives p ≡ 1 (mod 4m). Also, we have p ≡ 1 (mod n), that is, p ≡ 1 (mod 10m).
Thus, we must have p ≡ 1 (mod 20m), that is, p ≡ 1 (mod 2n), which is again a
contradiction to the hypothesis that p 6≡ 1 (mod 2n). Hence, if ( 52n )k contains a
multiple of p then (2n−32n )k must contain a multiple of p.
Now, from (3.16), we have
( 1n −
x
n )k
(1 + xn )k
=
( 1n )k
(1)k
[1 +
∑
i≥1
ak,ix
i](3.25)
for 0 ≤ k ≤ p−1n . Therefore,
5F4
[
1
n ,
2n−3
2n ,
1−x
n ,
1−y
n ,
1−p
n
5
2n , 1 +
x
n , 1 +
y
n , 1 +
p
n
; 1
]
p−1
n
≡ 5F4
[
1
n ,
2n−3
2n ,
1−x
n ,
1−y
n ,
1
n
5
2n , 1 +
x
n , 1 +
y
n , 1
; 1
]
p−1
n
(mod p)
=
p−1
n∑
k=0
(2n−32n )k(
1
n )
4
k
( 52n )k(1)
3
kk!

1 +∑
i≥1
ak,ix
i



1 +∑
i≥1
ak,iy
i

 ∈ Zp[[x, y]].(3.26)
If we put a = 1n , b =
2n−3
2n , c =
1
2n , d =
1−x
n , e =
1−y
n and f =
1−p
n in Theorem 2.5
we obtain
5F4
[
1
n ,
2n−3
2n ,
1−x
n ,
1−y
n ,
1−p
n
5
2n , 1 +
x
n , 1 +
y
n , 1 +
p
n
; 1
]
p−1
n
=
(n+1n ) p−1n
(n−1n +
x+y
n ) p−1n
(1 + xn ) p−1n
(1 + yn ) p−1n
4F3
[
2
n ,
1−x
n ,
1−y
n
1−p
n
2
n −
x+y+p
n ,
5
2n ,
2n+1
2n
; 1
]
p−1
n
.(3.27)
Here, we note that the rising factorial (n+1n ) p−1n
contains a factor multiple of p,
namely (n+1n +
p−1
n − 1) =
p
n ; and if n 6= 4, p 6≡ 1 (mod 2n), then the rising
factorials ( 52n ) p−1
n
and (2n+12n ) p−1
n
do not contain a multiple of p. This implies that
5F4
[
1
n ,
2n−3
2n ,
1−x
n ,
1−y
n ,
1−p
n
5
2n , 1 +
x
n , 1 +
y
n , 1 +
p
n
; 1
]
p−1
n
∈ pZp[[x, y]].(3.28)
Now, let x = ζp and y = ζ2p. Then (3.26) and Lemma 2.4 yield
5F4
[
1
n ,
2n−3
2n ,
1−ζp
n ,
1−ζ2p
n ,
1−p
n
5
2n , 1 +
ζp
n , 1 +
ζ2p
n , 1 +
p
n
; 1
]
p−1
n
= A0 +
∑
i≥1
A3ip
3i,(3.29)
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where A0 =
p−1
n∑
k=0
(2n−32n )k(
1
n )
4
k
( 52n )k(1)
3
kk!
and A3i =
p−1
n∑
k=0
(2n−32n )k(
1
n )
4
k
( 52n )k(1)
3
kk!
H(ak,i) and H(ak,i) is an
integral polynomial in the ak,i, where the second subscripts in each monomial add
to 3. Now, (3.28) implies that A0 and A3i ∈ pZp. Thus, we obtain
5F4
[
1
n ,
2n−3
2n ,
1−ζp
n ,
1−ζ2p
n ,
1−p
n
5
2n , 1 +
ζp
n , 1 +
ζ2p
n , 1 +
p
n
; 1
]
p−1
n
≡
p−1
n∑
k=0
(2n−32n )k(
1
n )
4
k
( 52n )k(1)
3
kk!
≡ 5F4
[ 1
n ,
1
n ,
1
n ,
1
n ,
2n−3
2n
5
2n , 1, 1, 1
; 1
]
p−1
n
(mod p4),
which completes the proof of (3.24).
Again, from the right hand side of (3.23) we have
5F4
[ 1
n ,
1
n ,
1
n ,
1
n ,
2n−3
2n
5
2n , 1, 1, 1
; 1
]
p−1
n
≡
(n+1n ) p−1n
( 2n ) p−1n
( 32n +
ζp
n ) p−1n
(2n−12n +
ζp
n ) p−1n
( 52n ) p−1
n
(2n+12n ) p−1
n
(1 + ζpn ) p−1
n
( 1n +
ζp
n ) p−1
n
(mod p4).(3.30)
Here, we observe that the rising factorial (n+1n ) p−1
n
contains a factor multiple of p,
namely (n+1n +
p−1
n − 1) =
p
n ; and if n 6= 4, p 6≡ 1 (mod 2n), then no other terms
on the right side of (3.30) contain a multiple of p. Proceeding similarly as shown
in the proof of Theorem 1.2, we deduce that the right side of (3.30) becomes
(n+1n ) p−1
n
( 2n ) p−1
n
( 32n +
ζp
n ) p−1
n
(2n−12n +
ζp
n ) p−1
n
( 52n ) p−1n
(2n+12n ) p−1n
(1 + ζpn ) p−1n
( 1n +
ζp
n ) p−1n
=
p
2n
Γp(1 +
p
n )Γp(
1
n +
p
n )Γp(
1
2n +
(1+ζ)p
n )Γp(
2n−3
2n +
(1+ζ)p
n )
Γp(
1
n )Γp(
2
n )Γp(
3
2n +
ζp
n )Γp(
2n−1
2n +
ζp
n )
×
Γp(
5
2n )Γp(
1
2n )Γp(1 +
ζp
n )Γp(
1
n +
ζp
n )
Γp(
3
2n +
p
n )Γp(
2n−1
2n +
p
n )Γp(
n−1
n +
(1+ζ)p
n )Γp(
(1+ζ)p
n )
.(3.31)
Now, arranging the terms with respect to the symmetry of cubic roots of unity, and
then applying part (2) of Proposition 2.2 and Theorem 2.3 we obtain
Γp(1 +
p
n )Γp(1 +
ζp
n )
Γp(−
ζ2p
n )
= 1 +O(p3),(3.32)
Γp(
1
n +
p
n )Γp(
1
n +
ζp
n )
Γp(
n−1
n −
ζ2p
n )
= (−1)a0(1−
1
n
)Γp
(
1
n
+
p
n
)
Γp
(
1
n
+
ζp
n
)
Γp
(
1
n
+
ζ2p
n
)
= (−1)1+
p−1
n Γp
(
1
n
)3
(1 +O(p3)),(3.33)
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Γp(
1
2n −
ζ2p
n )
Γp(
2n−1
2n +
ζp
n )Γp(
2n−1
2n +
p
n )
= Γp
(
1
2n
)3 (
1 +O(p3)
)
,(3.34)
and
Γp(
2n−3
2n −
ζ2p
n )
Γp(
3
2n +
ζp
n )Γp(
3
2n +
p
n )
= Γp
(
2n− 3
2n
)3 (
1 +O(p3)
)
.(3.35)
Substituting (3.32), (3.33), (3.34) and (3.35) into (3.31) we conclude that
(n+1n ) p−1n
( 2n ) p−1n
( 32n +
ζp
n ) p−1n
(2n−12n +
ζp
n ) p−1n
( 52n ) p−1
n
(2n+12n ) p−1
n
(1 + ζpn ) p−1
n
( 1n +
ζp
n ) p−1
n
≡ (−1)1+
p−1
n
p
2n
Γp
(
1
n
)2
Γp
(
1
2n
)4
Γp
(
2n−3
2n
)3
Γp
(
5
2n
)
Γp
(
2
n
) (mod p4).(3.36)
Finally, combining (3.24), (3.30) and (3.36) we complete the proof of the theorem.

Proof of Theorem 1.4. Let a = 18 , b =
1−ζp
4 , c =
1−ζ2p
4 , d =
1−ζ3p
4 , e =
1−ζ4p
4 ,
f = 1−p4 , where ζ is a primitive 5th root of unity. Substituting all these values in
Theorem 2.6 we have
7F6
[
1
8 ,
17
16 ,
1−ζp
4 ,
1−ζ2p
4 ,
1−ζ3p
4 ,
1−ζ4p
4 ,
1−p
4
1
16 ,
7
8 +
ζp
4 ,
7
8 +
ζ2p
4 ,
7
8 +
ζ3p
4 ,
7
8 +
ζ4p
4 ,
7
8 +
p
4
; 1
]
p−1
4
=
(98 ) p−14
(5+2ζp+2ζ
2p
8 ) p−14
(5+2ζp+2ζ
3p
8 ) p−14
(5+2ζ
2p+2ζ3p
8 ) p−14
(78 +
ζp
4 ) p−14
(78 +
ζ2p
4 ) p−14
(78 +
ζ3p
4 ) p−14
(3+2ζp+2ζ
2p+2ζ3p
8 ) p−14
.(3.37)
Our claim is that
7F6
[
1
8 ,
17
16 ,
1−ζp
4 ,
1−ζ2p
4 ,
1−ζ3p
4 ,
1−ζ4p
4 ,
1−p
4
1
16 ,
7
8 +
ζp
4 ,
7
8 +
ζ2p
4 ,
7
8 +
ζ3p
4 ,
7
8 +
ζ4p
4 ,
7
8 +
p
4
; 1
]
p−1
4
≡ 7F6
[
1
8 ,
17
16 ,
1
4 ,
1
4 ,
1
4 ,
1
4 ,
1
4
1
16 ,
7
8 ,
7
8 ,
7
8 ,
7
8 ,
7
8
; 1
]
p−1
4
≡ 7F6
[
1
8 ,
17
16 ,
1
4 ,
1
4 ,
1
4 ,
1
4 ,
1
4
1
16 ,
7
8 ,
7
8 ,
7
8 ,
7
8 ,
7
8
; 1
]
7(p−1)
8
(mod p6).(3.38)
The last congruence follows easily from the fact that the rising factorials (18 )k and
(14 )k contain a multiple of p for each k satisfying
p−1
4 < k ≤
7(p−1)
8 . Again,
(14 − x)k
(78 + x)k
=
k−1∏
j=0
(14 + j − x)
(78 + j + x)
=
k−1∏
j=0
(14 + j)(1 −
4x
1+4j )
(78 + j)(1 +
8x
7+8j )
=
(14 )k
(78 )k
[1 + ak,1x+ ak,2x
2 + · · · ](3.39)
for some constants ak,1, ak,2, . . .. We observe that the terms
1
4 + j and
7
8 + j do
not contain a multiple of p for each k in the range 0 ≤ k ≤ p−14 , and hence
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ak,1, ak,2, . . . ∈ Zp. Now, (3.39) yields
7F6
[
1
8 ,
17
16 ,
1
4 − x,
1
4 − y,
1
4 − z,
1
4 − w,
1−p
4
1
16 ,
7
8 + x,
7
8 + y,
7
8 + z,
7
8 + w,
7
8 +
p
4
; 1
]
p−1
4
≡ 7F6
[ 1
8 ,
17
16 ,
1
4 − x,
1
4 − y,
1
4 − z,
1
4 − w,
1
4
1
16 ,
7
8 + x,
7
8 + y,
7
8 + z,
7
8 + w,
7
8
; 1
]
p−1
4
(mod p)
=
p−1
4∑
k=0
(16k + 1)(18 )k(
1
4 )
5
k
(78 )
5
kk!

1 +∑
i≥1
ak,ix
i



1 +∑
i≥1
ak,iy
i



1 +∑
i≥1
ak,iz
i


×

1 +∑
i≥1
ak,iw
i

 ∈ Zp[[x, y, z, w]].
(3.40)
Using Theorem 2.5 we obtain
7F6
[
1
8 ,
17
16 ,
1
4 − x,
1
4 − y,
1
4 − z,
1
4 − w,
1−p
4
1
16 ,
7
8 + x,
7
8 + y,
7
8 + z,
7
8 + w,
7
8 +
p
4
; 1
]
p−1
4
=
(98 ) p−14
(58 + z + w) p−14
(78 + z) p−14
(78 + w) p−14
× 4F3
[
5
8 + x+ y,
1
4 − z,
1
4 − w,
1−p
4
7
8 + x,
7
8 + y,
5
8 − z − w −
p
4
; 1
]
p−1
4
.
The rising factorial (98 ) p−14
contains a multiple of p, namely (98 +
p−1
8 − 1) =
p
8 ; and
the terms in the denominator are units. Therefore, we have
7F6
[
1
8 ,
17
16 ,
1
4 − x,
1
4 − y,
1
4 − z,
1
4 − w,
1−p
4
1
16 ,
7
8 + x,
7
8 + y,
7
8 + z,
7
8 + w,
7
8 +
p
4
; 1
]
p−1
4
∈ pZp[[x, y, z, w]].
(3.41)
Let x = ζp4 , y =
ζ2p
4 , z =
ζ3p
4 and w =
ζ4p
4 . Then (3.40) and Lemma 2.4 yield
7F6
[
1
8 ,
17
16 ,
1
4 −
ζp
4 ,
1
4 −
ζ2p
4 ,
1
4 −
ζ3p
4 ,
1
4 −
ζ4p
4 ,
1
4 −
p
4
1
16 ,
7
8 +
ζp
4 ,
7
8 +
ζ2p
4 ,
7
8 +
ζ3p
4 ,
7
8 +
ζ4p
4 ,
7
8 +
p
4
; 1
]
p−1
4
= A0 +
∑
i≥1
A5ip
5i,
where A0 =
p−1
4∑
k=0
(16k + 1)(18 )k(
1
4 )
5
k
(78 )
5
kk!
and A5i =
p−1
4∑
k=0
(16k + 1)(18 )k(
1
4 )
5
k
45(78 )
5
kk!
H(ak,i); and
H(ak,i) is an integral polynomial in the ak,i where the second subscripts in each
monomial add to 5. Now, (3.41) implies that A0 and A5i are in pZp. Therefore, we
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conclude that
7F6
[
1
8 ,
17
16 ,
1−ζp
4 ,
1−ζ2p
4 ,
1−ζ3p
4 ,
1−ζ4p
4 ,
1−p
4
1
16 ,
7
8 +
ζp
4 ,
7
8 +
ζ2p
4 ,
7
8 +
ζ3p
4 ,
7
8 +
ζ4p
4 ,
7
8 +
p
4
; 1
]
p−1
4
≡
p−1
4∑
k=0
(16k + 1)(18 )k(
1
4 )
5
k
(78 )
5
kk!
= 7F6
[ 1
8 ,
17
16 ,
1
4 ,
1
4 ,
1
4 ,
1
4 ,
1
4
1
16 ,
7
8 ,
7
8 ,
7
8 ,
7
8 ,
7
8
; 1
]
p−1
4
(mod p6).(3.42)
This proves our claim (3.38).
If we apply (2.3) and (2.4), and then part (2) of Proposition 2.1 on the right
hand side of (3.37) as in Theorem 1.2 and Theorem 1.3, we deduce that
(98 ) p−14
(5+2ζp+2ζ
2p
8 ) p−14
(5+2ζp+2ζ
3p
8 ) p−14
(5+2ζ
2p+2ζ3p
8 ) p−14
(78 +
ζp
4 ) p−14
(78 +
ζ2p
4 ) p−14
(78 +
ζ3p
4 ) p−14
(3+2ζp+2ζ
2p+2ζ3p
8 ) p−14
=
−pΓp(
7+2p
8 )Γp(
3+2p+2ζp+2ζ2p
8 )Γp(
3+2p+2ζp+2ζ3p
8 )Γp(
3+2p+2ζ2p+2ζ3p
8 )
Γp(
1
8 )Γp(
5+2ζp+2ζ2p
8 )Γp(
5+2ζp+2ζ3p
8 )Γp(
5+2ζ2p+2ζ3p
8 )
×
Γp(
7
8 +
ζp
4 )Γp(
7
8 +
ζ2p
4 )Γp(
7
8 +
ζ3p
4 )Γp(
3+2ζp+2ζ2p+2ζ3p
8 )
Γp(
5
8 +
(1+ζ)p
4 )Γp(
5
8 +
(1+ζ2)p
4 )Γp(
5
8 +
(1+ζ3)p
4 )Γp(
1+2p+2ζp+2ζ2p+2ζ3p
8 )
.(3.43)
Rearranging the terms on the right side of (3.43) with respect to the symmetry of
the 5th root of unity, we obtain
(98 ) p−14
(5+2ζp+2ζ
2p
8 ) p−14
(5+2ζp+2ζ
3p
8 ) p−14
(5+2ζ
2p+2ζ3p
8 ) p−14
(78 +
ζp
4 ) p−14
(78 +
ζ2p
4 ) p−14
(78 +
ζ3p
4 ) p−14
(3+2ζp+2ζ
2p+2ζ3p
8 ) p−14
=
−pΓp(
7+2p
8 )Γp(
7
8 +
ζp
4 )Γp(
7
8 +
ζ2p
4 )Γp(
7
8 +
ζ3p
4 )
Γp(
1
8 )Γp(
1+2p+2ζp+2ζ2p+2ζ3p
8 )
×
Γp(
3+2p+2ζp+2ζ2p
8 )Γp(
3+2p+2ζp+2ζ3p
8 )Γp(
3+2p+2ζ2p+2ζ3p
8 )
Γp(
5+2ζp+2ζ2p
8 )Γp(
5+2ζp+2ζ3p
8 )Γp(
5+2ζ2p+2ζ3p
8 )
×
Γp(
3+2ζp+2ζ2p+2ζ3p
8 )
Γp(
5
8 +
(1+ζ)p
4 )Γp(
5
8 +
(1+ζ2)p
4 )Γp(
5
8 +
(1+ζ3)p
4 )
.(3.44)
Now, using part (2) of Proposition 2.2 and Theorem 2.3 on the right side of (3.44),
we deduce that
Γp(
7+2p
8 )Γp(
7
8 +
ζp
4 )Γp(
7
8 +
ζ2p
4 )Γp(
7
8 +
ζ3p
4 )
Γp(
1+2p+2ζp+2ζ2p+2ζ3p
8 )
= (−1)1+
p−1
8 Γp
(
7
8
)5
[1 +O(p5)],
(3.45)
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and
Γp(
3
8 +
(1+ζ+ζ2)p
4 )Γp(
3
8 +
(1+ζ+ζ3)p
4 )Γp(
3
8 +
(1+ζ2+ζ3)p
4 )
Γp(
5
8 +
(ζ+ζ2)p
4 )Γp(
5
8 +
(ζ+ζ3)p
4 )Γp(
5
8 +
(ζ2+ζ3)p
4 )Γp(
5
8 +
(1+ζ)p
4 )
×
Γp(
3
8 +
(ζ+ζ2+ζ3)p
4 )
Γp(
5
8 +
(1+ζ2)p
4 )Γp(
5
8 +
(1+ζ3)p
4 )
= Γp
(
3
8
)10
[1 +O(p5)].(3.46)
Again, using (3.45), (3.46) and Γp
(
1
8
)
Γp
(
7
8
)
= (−1)1+
p−1
8 , we obtain
(98 ) p−14
(5+2ζp+2ζ
2p
8 ) p−14
(5+2ζp+2ζ
3p
8 ) p−14
(5+2ζ
2p+2ζ3p
8 ) p−14
(78 +
ζp
4 ) p−14
(78 +
ζ2p
4 ) p−14
(78 +
ζ3p
4 ) p−14
(3+2ζp+2ζ
2p+2ζ3p
8 ) p−14
= −pΓp
(
7
8
)6
Γp
(
3
8
)10 (
1 +O(p5)
)
.(3.47)
Finally, from (3.37), (3.42), (3.38) and (3.47) we obtain
7F6
[
1
8 ,
17
16 ,
1
4 ,
1
4 ,
1
4 ,
1
4 ,
1
4
1
16 ,
7
8 ,
7
8 ,
7
8 ,
7
8 ,
7
8
; 1
]
7(p−1)
8
≡ −pΓp
(
7
8
)6
Γp
(
3
8
)10
(mod p6).
This completes the proof of the theorem. 
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